Abstract. We define a very general class of CHL-models associated with any string theory (bosonic or supersymmetric) compactified on an internal CFT C × T d . We take
Introduction
String theories with 16 supersymmetries have served as an important arena for probing the quantum structure of BPS black holes. In the simplest instance of heterotic string theory on T 6 , Dijkgraaf, Verlinde and Verlinde proposed a remarkable formula for the exact microscopic degeneracies of 1/4-BPS states, in terms of the Fourier coefficients of (the inverse of) a certain Siegel modular form Φ 10 , the so called Igusa cusp form of weight 10. This formula was later proven by explicit counting of states in the dual type IIA/K3×T 2 -picture [1] , and has also been verified by explicit calculations in supergravity using localization [2] [3] [4] [5] [6] . The contributions from single-centered states, i.e. black holes, can be isolated via a canonical decomposition of the Fourier coefficients of 1/Φ 10 , and are controlled by a certain mock modular form [7] . A larger class of N = 4 string theories were constructed by Chaudhuri, Hockney and Lykken [8] , now generally referred to as CHL-models. These models are obtained by taking orbifolds of heterotic string theory on T 6 (or, dually, of type IIA on K3 × T 2 ) by geometric symmetries of the target space. It has been shown that the counting of 1/4 BPS-states in CHL-models can be accounted for by the Fourier coefficients of a class of Siegel modular forms Φ N , parametrized by the order N or the orbifold symmetry [9] [10] [11] [12] [13] .
In the context of (generalised) Mathieu moonshine [14] [15] [16] [17] , a large class of Siegel modular forms Φ g,h were constructed, parametrized by commuting pairs of elements g, h ∈ M 24 . When restricting to elements (1, h) with h an order N geometric symmetry of K3 × T 2 these Siegel modular forms restrict to the partition functions Φ N of CHL-models. This suggested that there should exist a more general class of CHL-models associated with non-geometric symmetries g, whose BPS-states are counted by the Siegel modular forms Φ g,h . These non-geometric CHL-models were constructed in our previous work [18] using the following prescription. Consider type IIA string theory on K3 × T 2 and decompose the torus according to T 2 = S 1 ×S 1 . We then orbifold this theory by a pair (g, δ), where δ is an n:th order translation along one of the circles, and g is an order N symmetry of the internal N = (4, 4) superconformal sigma model on K3. Any such symmetry necessarily belongs to the Conway group Co 0 [19] . We showed that the T-duality group for these theories contains the Fricke involution T → −1/(NT ), where T is Kähler modulus of T 2 .
This was quite surprising since the Fricke involution is not contained in the the original SL(2, Z) T-duality group of the parent (unorbifolded) string theory on K3 ×T 2 . Recently
Fricke dualities were analyzed in the context of higher-derivative couplings in heterotic CHL-models [20] . This Fricke symmetry also turns out to have interesting consequences for the lattice of electric-magnetic charges L = L e ⊕ L m , namely that they should be N-modular:
where L * denotes the dual lattice and L(N) is a rescaling of the quadratic form by N.
This construction of CHL-models was later used in [21] to give a new supersymmetric interpretation of monstrous moonshine. Here, one considers heterotic string theory on
where V ♮ is the Frenkel-Lepowsky-Meurman monster CFT [22] , andV s♮ is Duncan's superconformal field theory [23] which yields a moonshine module for the Conway group Co 0 . We then orbifold by a pair (g, δ), where g an element of the monster M and δ a translation along one of the circles of T 2 . In this context, the somewhat mysterious Fricke involutions of monstrous moonshine appear naturally as spacetime Tdualities in the monstrous CHL-model. In view of the examples discussed above it is interesting to ask in what context the CHL-construction applies and what is the associated T-duality group. The main point of the present paper is to discuss this question by defining a very general class of CHL-model and analyze some of its properties. We begin in section 2 to define these CHL-models in full generality for any string theory (type I, type II, heterotic). We then analyze their spectrum and classify the structure of the associated duality groups. In section 3 we consider Atkin-Lehner type dualities and show that for self-dual models they require Nmodularity of the electric-magnetic charge lattices, generalizing our previous work [18] . In the concluding section 4 we offer some suggestions for interesting future research.
General CHL models
In this section we describe some general features of CHL models. CHL models were first considered by Chaudhuri, Hockney and Lykken in the context of superstring compactifications with 16 spacetime supersymmetries [8] . However, their general structure applies to many other cases, so it is useful to define them more generally.
2.1. Definition. The starting point in the construction of a CHL model is a compactification of some string theory S on C × T d , where C is a CFT and
torus (we will mostly be interested in d = 1, 2). In most examples, C will be a non-linear sigma on some manifold X; in this case it will be denoted by C X . Note that we allow for any string theory, so S can denote a bosonic, heterotic, type I or type II string theory. The CFT C × T d is assumed to have the right central charges and number of world-sheet supersymmetries to provide a consistent compactification of the string theory S. Denote this string compactification by S[C × T d ]. Let δ be a translation by 1/N, for some N > 0, along a circle S 1 ⊂ T d , and let g be an order N finite automorphism of the CFT C which commutes with all spacetime supersymmetries and exists at generic points in the moduli space of C. We then have: Definition 1. We define the CHL-model associated with the string theory
where we orbifold simultaneously g on C and by δ on T d .
In general, the orbifold of C will not satisfy the level-matching condition. The CHLmodel is still well defined, however, since the failure of level-matching can be compensated by the shift of δ. The general condition for level-matching to be satisfied is that in the g-twisted sectors one has: 2) where N(g) is the order of g. In principle we could have allowed for g and δ to have different orders. However, without loss of generality one can always assume that g and δ have the same order N. Indeed, suppose that δ has order M and g has order N. One then has
where g ′ , δ ′ both have order gcd(M, N) and we defined:
This implies that one can always reduce to the case where δ and g have the same order.
To illustrate the general construction let us now consider some examples. and, by the adiabatic argument of Vafa-Witten [24] , this duality commutes with taking the CHL orbifold. This means that the CHL models described in the previous point are dual to a CHL model based on the symmetry (δ, g), where g is now a symmetry of the heterotic strings on T 4 commuting with the right-moving N = 4 supersymmetry: with automorphism group the Conway group Co 0 . Consider now the pair (g, δ) where g ∈ M and δ is a shift on S 1 . In a similar vein as before, one can then define CHL models CHL g,δ (Het, V ♮ ×V s♮ , S 1 ). We stress that here g only acts on V ♮ , and hence the super-VOA V s♮ is merely a spectator in the orbifold process, required to make sure that the resulting CHL-model is supersymmetric. This class of CHL-models were introduced and studied in [21] . 1 They were in particular used to provide a physical understanding of the Hauptmodul properties of Monstrous moonshine.
2.2.
Spectrum. Let us now analyze some more properties of the general CHL-models CHL g,δ (S, C, T d ). We assume first that the orbifold of C by g satisfies the level matching
The general case is slightly more complicated and will be considered later on. Let us also assume that g and δ have the same order N.
For any CFT C, we denote by C g r the g r -twisted sector of C, r ∈ Z/NZ, and define
the eigenspace with eigenvalue g = e − 2πis N in the g r -twisted sector.
We will now consider the orbifold of C by a symmetry g and of the torus model C T d by the translation δ. The corresponding eigenspace decompositions of the associated g r -and δ r -twisted sectors are given by:
Note that since the eigenvalues are equal up a sign, the states in the product
The spectrum of the associated CHL model can now be described as follows
r,s is the δ-eigenspace with eigenvalue e 2πis N (or, equivalently, the geigenspace with eigenvalue e −2πis N twisted sector), corresponding to the r-twisted sector in the CHL model.
It is fruitful to give an alternative description of the spectrum from the point of view of the underlying lattices. The Narain lattice L of winding and momenta along T d in the
is the unique (up to isomorphisms) even unimodular lattice of signature (d, d).
It can be described as Γ
Notice that δ can be defined as a null vector in 1 N L ∨ ; the corresponding shift is just the symmetry that multiplies a state with charges γ ∈ L by e 2πi(δ,γ) . by automorphisms of the lattice (i.e., T-dualities of the model), so we can simply take δ to be the vector t (
Roughly speaking, this corresponds to taking the shift δ along the circle 
is generated by L and δ, so that
The lattice
where
More precisely, each L
r,s is the set of winding-momenta of the sector C r,s ⊗ C
r,s . We can now rewrite the spectral decomposition of the CHL model as a direct sum of sectors labeled by
, where (r, s) ∈ Z/NZ × Z/NZ.
T-dualities of CHL models.
The T-duality group of the CHL model is the group of automorphisms of the lattice L (δ) . This corresponds to the subgroup of transformations
. We are mostly interested in the case d = 2, though we will keep the discussion general. Notice that O(2, 2, R) has four connected components, and the component SO + (2, 2, R)
connected to the identity is isomorphic to
is given by
Rather than studying the full T-duality group it will be convenient to distinguish between different automorphism subgroups which we list below.
by automorphisms that preserve the quadratic form q(r, s) = 2rs N mod 2Z. These maps permute the various sectors C T 2 r,s . Since each such sector is tensored with the CFT factor C r,s and, in general, C γ(r,s) = C r,s , the elements of Aut(L (δ) ) are generically not selfdualities of the CHL model. In fact, one can always find a model C ′ and a symmetry g ′ such that C γ(r,s) = C ′ r,s . In particular, C ′ is the CFT with spectrum ⊕ s∈Z/N Z C γ(0,s) and g ′ is the symmetry acting by multiplication by e
generically, γ is a duality between the CHL model based on (C, g) and the CHL model based on (
This is generated by Γ 0 (N) × Γ 0 (N) and by (W e , W e ) for all exact divisors e||N, i.e. those e ∈ N such that e|N and e ∤ N e
. Here, W e is the Atkin-Lehner involution, an element W e ∈ SL(2, R) given by 
which is known as Fricke involution. For Atkin-Lehner involutions, the model C ′ is the orbifold of C by g N/e , so that W e is included in G g if and only if there is an isomorphism between C and C/ g N/e mapping the symmetry g to g ′ .
One has the inclusions
whereΓ 0 (N) is the normalizer of Γ 0 (N) in SL(2, R).
Self-dualities. Consider now the subgroup
Equivalently, G g is the subgroup of elements in Aut(L (δ) ) for which the CFT C ′ is equivalent to C and g = g ′ . By definition, this is the group of self-dualities of the CHL model.
Note
r,s onto itself and they are all self-dualities of the CHL model. For d = 2, it is easy to see by a direct calculation that
Notice that we have the inclusions
Finally, one has the obvious (normal) inclusions among the various automorphism groups: 
is generated by L and δ. The subgroup
L/L are in oneto-one correspondence with the cosets
Atkin-Lehner dualities and N-modularity
We shall now consider the case of four-dimensional N = 4 CHL-models in a little more detail. This concerns the chain of models mentioned in Examples 1 and 2 of section 2.1, namely those were the parent theories are heterotic string theory on T 4 × T 2 or type IIA/B string theory on K3 × T 2 . We shall in particular analyze S-and T -dualities of these models and discuss their consequences for the structure of the electric-magnetic charge lattices.
T -and U-dualities.
Consider type IIA string theory on K3 × T 2 . This is a fourdimensional N = 4 string theory with duality group SL(2, Z) × O(6, 22; Z), where the first factor is the S-duality group and the second factor is the T -duality group. The full moduli space of this theory is then:
where the 'Teichmüller space' T is the Grassmannian SL(2, R)/SO(2)×O(6, 22; R)/(O(6)× O(22)) and Γ is the suality group SL(2, Z) × O(6, 22, Z). At generic points in this moduli space the theory has a U(1) 28 gauge group and an associated electric-magnetic charge lattice
We now take the orbifold of this N = 4 theory by a pair (g, δ), such that:
• g is an order N automorphism of the C K3 which exists at points with generic gauge
Z and commuting with the N = (4, 4) algebra; • δ is a translation by 1/N along the second circle of the torus factorization
The resulting CHL-model CHL g,δ (IIA, C K3 , T 2 ) has a moduli space M CHL which is again the quotient of a simply connected space T g,δ ⊆ T by a discrete duality group Γ g,δ . The space T g,δ is a symmetric space of the form
where 8 ≤ d ≤ 28 is the dimension of the g-fixed subspace in Γ 6,22 ⊗ R. In particular, T g,δ
where the first SL(2, R)/SO(2) factor is parametrized by the heterotic axio-dilaton S het , the second by the Kähler modulus T het of T 2 and the third factor by the complex structure modulus U het . Furthermore, T (20)) and parametrizes the K3 sigma models with a symmetry g. The full duality group Γ g,δ is quite complicated: it obviously contains the subgroup of SL(2, Z)×O(6, 22, Z) that leaves the pair (δ, g) invariant, but it is, in general, larger than that. In this article, we will use the techniques described in section 2.3 to derive a large group of duality. However, we are not able to determine whether this is the complete duality group of the CHL model -to the best of our knowledge, this is still an open problem.
One apparent difficulty in this program is that in section 2.3 we only consider Tdualities, while now we are interested in determining the full group of (in general, nonperturbative) U-dualities. Here, string-string duality comes to a help. Indeed, the same CHL model can be described in three equivalent ways as a heterotic, type IIA or type IIB compactification and what is consider a T-duality in one of these frames might be non-perturbative in the other ones. Thus, by combining the T-duality groups in the three different frames, we generate a large non-perturbative U-duality group.
As a starting point, we notice that the duality group contains a subgroup
with each factor acting independently on the corresponding factor in (3.4), where
and C O(4,20,Z) (g) is the centralizer of g in O(4, 20, Z). This group can be easily extended to the group By combining the groups Aut 0 (L (δ) ) in the three equivalent frames, one finds that the U-duality group must contain
Finally, one needs to extend Aut 0 (L (δ) ) to the group of self-dualities G g . We do this in two steps, by first extending to Γ 0 (N) ×3 and then including the Atkin-Lehner involutions.
In the first step, we notice that Γ 0 (N)/Γ 1 (N) ∼ = (Z/NZ) × (the multiplicative group of elements in Z/NZ that are coprime to N), with the isomorphism explicitly given by
is the normalizer of the cyclic group g in O(5, 21, Z), then there is a homomorphism
Combining these results, we notice that there is a homomorphism
that restricts to the homomorphisms above for the subgroups Γ 0 (N) ×3 and N (g). The
, so the kernel of the automorphism φ corresponds to self-dualities. Thus the U-duality group contains
Notice that in [18] it has been proved that the homomorphism a :
as well. So far we only considered dualities that descend from the group SL(2, Z) × O(6, 22, Z) of the parent theory. In general, this group can be enlarged by including the Atkin-Lehner involutions in the heterotic and type II pictures. Let us choose a frame, for example the heterotic string frame, and consider the Atkin-Lenher T-dualities in this frame. The latter act only on the heterotic T het and U het moduli (the second and third factor in (3.4)) while leaving S het fixed and are generated by elements of the form
for e an exact divisor of N. Here W T e and W U e are (possibly different) representatives inΓ 0 (N) for the two Atkin-Lehner involutions relative to the exact divisor e, and the subscript 0 means that the representatives are chosen in such a way that W T e W U e ∈ Γ 1 (N) rather than Γ 0 (N) (if this condition is not satisfied, than one needs to compose with some suitable h ∈ N (g), compatibly with (3.13)). The involution corresponding to the exact divisor e should be included in the U-duality group (i.e., it is a self-duality) if and only if the 'internal' CFT C describing a heterotic string compactified on T 4 is isomorphic to the orbifold of C by g N/e . The subset of exact divisors e for which W e is a heterotic self-duality will be denoted by H het and form a subgroup of the group H(N) of exact divisors of order N. 3 It was argued in [18] that in every CHL model, all W e are heterotic self-dualities, so that H het = H(N). Similarly, Atkin-Lehner T-dualities in the type IIA frame act only on the S het and U het moduli, while leaving T het fixed and are of the form
This transformation should be included in the U-duality group if and only if the internal CFT C, which is a type II non-linear sigma model on K3, is isomorphic to the orbifold of C by g N/e . Finally, a similar Atkin-Lehner T-dualities in type IIB have the form 18) and the set of exact divisors for which these transformation belongs to the U-duality group is the same as for type IIA. We denote by H II ⊂ H(N) the group of self-dualities in this case. Such groups depend on the particular CHL model and were discussed in [18] (See section 3.2). By combining the analysis for the heterotic and type II descriptions, we conclude that the U-duality contains generators of the form
with (e, e ′ , e
We conclude that the U-duality group contains a subgroup of the form 
Recall that an order N symmetry g ∈ Co 0 can be characterized by its Frame shape, which encodes its eigenvalues in the defining 24-dimensional representation in O(Γ 4,20 ):
23)
3 We recall that the set H(N ) of exact divisors of N ∈ N can be endowed with a natural structure of finite abelian group of exponent 2, with composition law e * f := ef gcd(e, f ) 2 . One can then show that the Witten index of C ′ = C K3 / g is given by [18] 
From this one can conclude that there are three possibilities for the orbifold C ′ :
• C ′ is a superconformal field theory on K3, 26) and the two symmetries (g, Q) have the same Frame shape; • C ′ is a superconformal field theory on K3, 27) and the two symmetries (g, Q) have different Frame shapes; • C ′ is a superconformal field theory on T 4 ,
Note that the frame shape of the quantum symmetry Q is given by a|N a m(N/a) and hence (g, Q) can only have the same frame shape if the following condition holds m(a) = m(N/a), (3.29) in which case one says that g has balanced frame shape. If this holds, we say that the CHL-model is self-dual, since then
are in the same connected component of the moduli space M. In contrast, in the second case, when (g, Q) have different frame shapes, Fricke T-duality relates two inequivalent K3 CHL-models. The third case is very different from the others since the image of a K3 CHL-model is now a model based on an orbifold of
3.3. N-modularity. The conclusion of the previous sections is that N = 4 CHL-models have duality groups which are larger than what is naively expected. In particular, the Sand T-duality groups contain the Atkin-Lehner involutions W e , which belong to SL(2, R) but are not contained in the SL(2, Z)-symmetry of the parent theory. In this section we will show that this duality symmetry yield strong constraints on the lattice of electricmagnetic charges. Any N = 4 CHL-model of the form CHL g,δ (S, C X , T 2 ), with X either T 4 or K3, has a lattice of electric-magnetic charges
The S-duality group Γ g acts on any vector (Q, P ) ∈ L (g,δ) by
while at the same time acting on the axio-dilaton S in the standard fractional way
is self-dual (the frame shape of g is balanced) then this is a symmetry of the theory. Consider in particular the action of the Fricke involution W N :
The charges (Q ′ , P ′ ) belong to the Fricke dual lattice
The Fricke S-duality (3.33) then implies that the lattices are related as follows:
Here, the notation L(n) means that each vector in L is rescaled by a factor √ n such that its quadratic form is rescaled by n. We further know that by standard electric-magnetic duality we must have
where L * denotes the standard dual lattice to L. If we consider a CHL-model which is self-dual under Fricke S-duality then we must further have
Combining this with the relation (3.36), we deduce that Fricke S-duality (3.35) enforces the following constraint on the electric and magnetic charge lattices:
m (N), (3.38) namely that they should be isometric to their duals up to a rescaling of the quadratic form. In general, lattices that satisfy L ∼ = L * (N) are known as N-modular. Beyond the dimension 2 case, N-modular lattices are very rare and the fact that the electric-magnetic charge lattices of CHL-models are required to be N-modular is a very strong prediction of Fricke, or more generally, Atkin-Lehner S-duality.
Let us take a closer look at the implications of this N-modularity. We can write the lattices of CHL g,δ (S,
where the first two factors represent the quadratic forms of the lattices associated with T 2 = S 1 ×S 1 . Fricke S-duality now implies the following non-trivial N-modularity con-
To give an example of what this constraint entails, consider CHL g,δ (IIA, C K3 , T 2 ) and choose g to be the Conway element with frame shape 1 8 2 8 . This is the so-called Nikulin involution which is an order 2 symplectic automorphism of K3. On the heterotic side this is the involution which exchanges the two E 8 -factors. The electric-magnetic lattices take the form
Fricke S-duality implies that there must be an isomorphism
One can prove that this indeed holds, quite non-trivially. In fact, in [18] we verified that (3.40) is satisfied for all self-dual CHL-models, i.e. for those g whose frame shapes are balanced. More generally, if for a CHL model CHL g,δ , with g of order N, the group H II contains an exact divisor e of N, then there is a duality acting on the heterotic S-modulus and on the electric and magnetic charges by
Therefore, we expect isomorphisms
Some of these isomorphisms have been verified in [18] . We conclude by noting that (3.40) has consequences for the integral cohomology lattice of K3-surfaces, as was pointed out in [18] . Consider the g-invariant subspace H even (K3; Z) This is true, in particular, whenever g is 'geometric', i.e. it is induced by some symplectic automorphism of the target space K3. In this case, the CHL model is also invariant under all Atkin-Lehner dualities, so that H even (K3; Z) g must satisfy also isomorphisms of the form 3.44. Such g-invariant sublattices of H even (K3; Z) were studied in [25] but the N-modularity appears to have gone unnoticed in the literature.
Discussion
In this note we have given a general construction of CHL-models starting from any string theory compactified on some internal CFT C × T d . This provides a vast generalization of our previous work on N = 4 and monstrous CHL-models [18, 21, 26] , showing that the features discovered therein, such as Fricke T-duality and N-modularity, occur universally. The monstrous CHL-models constructed in [21, 26] provided new insight into monstrous moonshine, in particular by giving a novel physics derivation of its so called genus zero property. It would be interesting to analyze whether there are more examples of such CHL-models that could be of similar use in understanding other types of moonshine phenomena. For example, one interesting case would be to take type II string theory on Another interesting sector to analyze in more detail is type II string theory on CalabiYau 3-folds. This would give a class of CHL-models that should give new insight into the N = 2 Mathieu moonhine observed in [27] . Such a construction might provide a connection between the Fricke symmetries of CHL-models and those observed in topological strings [28] .
The Fricke S-dualities in N = 4 CHL-models act as S → −1/(NS) on the heterotic axio-dilaton S, where N is the order of the orbifold symmetry. This is reminiscent of the duality τ → −1/(mτ ) occurring in the gauge theory approach to the geometric Langlands program [29] . In this case τ is the complex gauge coupling and m depends om the gauge group G. Recently [30] , this was interpreted as a duality in (2, 0) little string theory with defects, in which case m corresponds to the order of a subgroup H ⊂ G which is responsible for a twist around the complex plane that supports the defect. In our N = 4 CHL-models the gauge group is generically U(1) 28 but is enhanced to a non-abelian group at certain singular loci in the moduli space. It would be interesting to understand whether there is any relation to the Fricke S-dualities in CHL-models at these singular points and geometric Langlands duality of (2, 0)-theories.
